A linear integral equation with infinite delay is considered where the admissible function space B of initial conditions is as usually only described axiomatically. Merely using this axiomatic description, the long time behavior of the solutions is determined by calculating the Lyapunov exponents. The calculation is based on a representation of the solution in the second dual space of B and on a connection between the asymptotic behavior of the solutions of the integral equation under consideration and its adjoint equation subject to the spectral decomposition of the space of initial functions. We apply the result to an example of a stochastic differential equation with infinite delay.
Introduction
The history x t at time t 0 of a solution x of (1.1) always contains the initial data. Consequently, the choice of the space B is crucial and for every new space under consideration a new development of the theory would be required. To avoid this problem, an axiomatic description of the phase space has turned out to be an appropriate approach for differential equations with infinite delay, see [3] or [5] .
Only assuming the axiomatic description of the phase space B, we calculate for a solution x of equation (1.1) the Lyapunov exponents
or in case the limit (1.2) does not exist a bound for the upper limit point.
If there is a constant ρ 0 such that the operator L depends only on the function ϕ restricted to the interval [−ρ, 0] for every function ϕ ∈ B we say that (1.1) is of finite delay of length ρ.
If the delay is of finite length ρ and the perturbation function h is differentiable and if moreover the space of initial functions consists of continuous functions on the interval [−ρ, 0] then a direct application of the spectral decomposition of the space of initial functions to the usual variation of constants formula for the solution yields the Lyapunov exponents. The most important estimates for that are summarized in Theorem 7.9.1 in [4] . But if the function h is only assumed to be continuous and if the initial functions are measurable and bounded on the interval [−ρ, 0] the calculation of the Lyapunov exponents requires already more efforts. The result in this case of an equation with finite delay is achieved in [9] and [10] . Their approach is still based on the spectral decomposition of the space of initial functions and the variation of constants formula in the same space but also depends strongly on properties of equations with finite delay and on the specific choice of the space of initial functions.
In the more general case in this paper of infinite delay and of axiomatically described phase spaces such a direct calculation of the Lyapunov exponents fails. But we are able to calculate the Lyapunov exponents by a new method which we describe by the following steps:
1. representation of the history x t by x * * t in the second dual space B * * 2. spectral decomposition of B by B = P ⊕ Q, where P is a finite dimensional subspace 3. determine the asymptotic of π
